We perform sensitivity analyses on a mathematical model of malaria transmission to determine the relative importance of model parameters to disease transmission and prevalence. We compile two sets of baseline parameter values: one for areas of high transmission and one for low transmission. We compute sensitivity indices of the reproductive number (which measures initial disease transmission) and the endemic equilibrium point (which measures disease prevalence) to the parameters at the baseline values. We find that in areas of low transmission, the reproductive number and the equilibrium proportion of infectious humans are most sensitive to the mosquito biting rate. In areas of high transmission, the reproductive number is again most sensitive to the mosquito biting rate, but the equilibrium proportion of infectious humans is most sensitive to the human recovery rate. This suggests strategies that target the mosquito biting rate (such as the use of insecticide-treated bed nets and indoor residual spraying) and those that target the human recovery rate (such as the prompt diagnosis and treatment of infectious individuals) can be successful in controlling malaria.
Introduction
Malaria is an infectious disease caused by the Plasmodium parasite and transmitted between humans through bites of female Anopheles mosquitoes. There are about 300-500 million annual cases of malaria worldwide with 1-3 million deaths (Roll Back Malaria Partnership, 2005) . About 40% of the world's population live in malaria endemic areas. Although the incidence of malaria had been rising in the last few decades due to increasing parasite drug-resistance and mosquito insecticide-resistance, recently significant resources have been made available to malaria control programs worldwide to reduce malaria incidence and prevalence. Comparative knowledge of the effectiveness and efficacy of different control strategies is necessary to design useful and cost-effective malaria control programs. Mathematical modeling of malaria can play a unique role in comparing the effects of control strategies, used individually or in packages. We begin such a comparison by determining the relative importance of model parameters in malaria transmission and prevalence levels.
The mathematical modeling of malaria transmission has a long history, beginning with Ross (1911) and MacDonald (1957) , and continuing through Anderson and May (1991) . In a Ph.D. dissertation, Chitnis (2005) described a compartmental model for malaria transmission, based on a model by Ngwa and Shu (2000) ; defined a reproductive number, R 0 , for the expected number of secondary cases that one infected individual would cause through the duration of the infectious period; and showed the existence and stability of disease-free equilibrium points, x dfe , and endemic equilibrium points, x ee . He also computed the sensitivity indices for R 0 and x ee to the parameters in the model. Chitnis et al. (2006) presented a similar bifurcation analysis of an extension to the model in Chitnis (2005) , defining R 0 and showing the existence and stability of x dfe and x ee .
Here we extend the model in Chitnis et al. (2006) and evaluate the sensitivity indices of R 0 and x ee . This model is different from previous models in that it generalizes the mosquito biting rate, and includes immigration in a logistic model for the human population with disease-induced mortality. Previous models assumed that mosquitoes have a fixed number of bites per unit time. This model allows the number of mosquito bites on humans to depend on both, the mosquito and human, population sizes. This allows a more realistic modeling of situations where there is a high ratio of mosquitoes to humans, and where human availability to mosquitoes is reduced through vector control interventions. Human migration is common in most parts of the malaria-endemic world and plays an important role in malaria epidemiology. As in Ngwa and Shu (2000) , this model also allows humans to be temporarily immune to the disease, while still transmitting malaria to mosquitoes.
We compile two reasonable sets of baseline values for the parameters in the model: one for areas of high transmission, and one for areas of low transmission. For some parameters, we use values published in available literature, while for others, we use realistically feasible values. We then compute the sensitivity indices of R 0 and x ee to both sets of baseline parameter values. As R 0 is related to initial disease transmission and x ee represents equilibrium disease prevalence, an evaluation of these sensitivity indices allows us to determine the relative importance of different parameters in malaria transmission and prevalence. We thus look at the relative importance of the parameters in four different situations:
• The initial rate of disease transmission in areas of low transmission • The equilibrium disease prevalence in areas of low transmission • The initial rate of disease transmission in areas of high transmission • The equilibrium disease prevalence in areas of high transmission A knowledge of the relative importance of parameters can help guide in developing efficient intervention strategies in malaria-endemic areas where resources are scarce.
We first summarize the model and analysis from Chitnis et al. (2006) . We then present the baseline parameter values, the sensitivity indices of R 0 and x ee for these baseline values, and their interpretation. Appendix A contains data from literature and our reasons for choosing the baseline parameter values. The second Appendix describes the methodology of the sensitivity analysis.
Mathematical model and analysis
The malaria model ( Fig. 1) (Chitnis et al., 2006) and the state variables (Table 1) with parameters in Table 2 satisfy,
where, N h = S h + E h + I h + R h , N v = S v + E v + I v , and,
All parameters are strictly positive with the exception of the disease-induced death rate, δ h , which is nonnegative. The mosquito birth rate is greater than the density-independent mosquito death rate: ψ v > μ 1v , ensuring that there is a stable positive mosquito population.
We scale the population sizes in each class by the total population sizes to derive, Fig. 1 Susceptible humans, S h , can be infected when they are bitten by infectious mosquitoes. They then progress through the exposed, E h , infectious, I h , and recovered, R h , classes, before reentering the susceptible class. Susceptible mosquitoes, S v , can become infected when they bite infectious or recovered humans. The infected mosquitoes then move through the exposed, E v , and infectious, I v , classes. Both species follow a logistic population model, with humans having additional immigration and disease-induced death. Birth, death, and migration into and out of the population are not shown in the figure. Number of times one mosquito would want to bite humans per unit time, if humans were freely available. This is a function of the mosquito's gonotrophic cycle (the amount of time a mosquito requires to produce eggs) and its anthropophilic rate (its preference for human blood).
The maximum number of mosquito bites a human can have per unit time. This is a function of the human's exposed surface area and any vector control interventions used by the human to reduce exposure to mosquitoes. Time −1 β hv :
Probability of transmission of infection from an infectious mosquito to a susceptible human given that a contact between the two occurs. Dimensionless β vh :
Probability of transmission of infection from an infectious human to a susceptible mosquito given that a contact between the two occurs. Dimensionless β vh :
Probability of transmission of infection from a recovered (asymptomatic carrier) human to a susceptible mosquito given that a contact between the two occurs. Dimensionless ν h :
Per capita rate of progression of humans from the exposed state to the infectious state. 1/ν h is the average duration of the latent period.
Per capita rate of progression of mosquitoes from the exposed state to the infectious state. 1/ν v is the average duration of the latent period. Time −1 γ h :
Per capita recovery rate for humans from the infectious state to the recovered state. 1/γ h is the average duration of the infectious period. Time −1 δ h :
Per capita disease-induced death rate for humans.
Per capita rate of loss of immunity for humans. 1/ρ h is the average duration of the immune period. Time −1 μ 1h : Density independent part of the death (and emigration) rate for humans. Time −1 μ 2h : Density dependent part of the death (and emigration) rate for humans. Humans −1 × Time −1 μ 1v :
Density independent part of the death rate for mosquitoes. Time −1 μ 2v :
Density dependent part of the death rate for mosquitoes.
where the new state variables are also described in Table 1 . In this model, σ v is the rate at which a mosquito would like to bite a human, and σ h is the maximum number of bites that a human can have per unit time. Then σ v N v is the total number of bites that the mosquitoes would like to achieve in unit time and σ h N h is the availability of humans. The total number of mosquito-human contacts is half the harmonic mean of σ v N v and σ h N h . The exposed classes, e h and e v , model the delay before infected humans and mosquitoes become infectious. While in humans, this period is short and its effect on transmission may be ignored, in mosquitoes, this delay is important because it is on the same order as their expected life span. Thus, many infected mosquitoes die before they become infectious.
The model also includes an immigration term into the susceptible class (that is, independent of the total population size). This ignores the immigration of exposed, infectious, and recovered humans. While the exposed period is short and there would, therefore, be few exposed humans, and sick infectious humans are less likely to travel; the exclusion of immigrating recovered humans is a simplifying assumption.
The recovered class captures the difference between infection and disease in malaria. In hyperendemic areas, most adults are immune in the sense that while they have the malaria parasite in their blood stream and are infectious to mosquitoes, they do not suffer from clinical malaria. In the model, infectious humans move to the recovered class at a constant per capita rate, where they are still infective to mosquitoes (but less infective than infectious humans) and do not suffer from additional disease-induced mortality. The model assumes that the recovered humans move back to the susceptible class at a constant per capita rate. This is a simplifying assumption because immunity in malaria is dependent on the inoculation rate. However, in the case where transmission levels are relatively stable, the inoculation rate would approach a constant value and, therefore, the rate of loss of immunity would also approach a constant value. As we conduct our sensitivity analyses around equilibrium points, this assumption is reasonable.
The model (2) is epidemiologically and mathematically well posed in the domain,
We denote points in D by x = (e h , i h , r h , N h , e v , i v , N v Disease-free equilibrium points are steady state solutions where there is no disease. We define the "diseased" classes as the human or mosquito populations that are either exposed, infectious or recovered; that is, e h , i h , r h , e v , and i v . The positive equilibrium human and mosquito population sizes, in the absence of disease, for (2) are
The model (2) has exactly one equilibrium point,
, with no disease in the population (in the intersection of D and the boundary of the positive orthant in R 7 ) (Chitnis et al., 2006, Theorem 3.1) . The reproductive number, R 0 , is the expected number of secondary infections that one infectious individual (human or mosquito) would create over the duration of the infectious period provided that all other members of both populations are susceptible,
with,
The disease-free equilibrium point, x dfe , is locally asymptotically stable if R 0 < 1 and unstable if R 0 > 1 (Chitnis et al., 2006) , Theorem 3.3. Note that the number of new infections in humans that one human causes through his/her infectious period is R 2 0 , not R 0 . Because this definition of R 0 (5) is based on the next generation operator approach (Diekmann et al., 1990) , it counts the number of new infections from one generation to the next. That is, the number of new infections in mosquitoes counts as one generation.
Endemic equilibrium points are steady state solutions where the disease persists in the population (all state variables are positive). Theorems 4.1 and 4.2 in Chitnis et al. (2006) state that there is a transcritical bifurcation at R 0 = 1, and there exists at least one endemic equilibrium point for all values of R 0 > 1. Typically in epidemiological models, bifurcations at R 0 = 1 tend to be supercritical (i.e., positive endemic equilibria exist for R 0 > 1 near the bifurcation point). Theorem 4.3 in Chitnis et al. (2006) states that in the absence of disease-induced death (δ h = 0), the transcritical bifurcation at R 0 = 1 is supercritical (forward). However, this model (2) can exhibit a subcritical bifurcation (i.e., positive endemic equilibria exist for R 0 < 1 near the bifurcation point) for some positive values of δ h .
Baseline parameter values
We show baseline values and ranges in Table 3 for the parameters described in Table 2 . We include two sets of baseline values: one for areas of high transmission and one for low transmission (as measured by R 0 ). In Appendix A, we describe our reasons for using these values and give references where available. We estimate some parameter values from published studies and country-wide data. For location specific parameters, such as migration rates, we pick realistically feasible values. For parameters concerning human populations, we pick values representing villages, small towns, or small regions. We assume high transmission occurs in parts of Africa and low transmission occurs in Asia and the Americas. We use two significant figure accuracy for all the parameters.
Low transmission
For the baseline parameters at low malaria transmission in Table 3 , R 0 = 1.1 (corresponding to 1.3 new infections in humans from one infected human through the duration of the infectious (and recovered) period). There is only one locally asymptotically stable endemic equilibrium point in D, (0.0029, 0.080, 0.10, 578, 0.024, 0.016, 2425) .
(7) Figure 2 shows graphs of a typical solution of the model (1) in the original variables. 
Days −1 0.033 0.033 0.0010-0.10
High transmission
For the baseline parameters at high malaria transmission in Table 3 , R 0 = 4.4 (corresponding to 20 new infections in humans from one infected human through the duration of the infectious (and recovered) period). There is only one locally asymptotically stable endemic equilibrium point in D, (0.0059, 0.16, 0.77, 490, 0.15, 0.11, 4850) .
(8) Figure 3 shows graphs of a typical solution of the model (1) in the original variables.
Sensitivity analysis
In determining how best to reduce human mortality and morbidity due to malaria, it is necessary to know the relative importance of the different factors responsible for its transmission and prevalence. Initial disease transmission is directly related to R 0 , and disease prevalence is directly related to the endemic equilibrium point, specifically to the magnitudes of e h , i h , r h , e v , and i v . These variables are relevant to the individuals (humans and mosquitoes) who have some life stage of Plasmodium in their bodies. The proportion of infectious humans, i h , is especially important because it represents the people who may be clinically ill, and is directly related to the total number of malarial deaths. We calculate the sensitivity indices of the reproductive number, R 0 , and the endemic equilibrium point, x ee , to the parameters in the model. These indices tell us how crucial each parameter is to disease transmission and prevalence. Sensitivity analysis is commonly used to determine the robustness of model predictions to parameter values (since there are usually errors in data collection and presumed parameter values). Here we use it to discover parameters that have a high impact on R 0 and x ee , and should be targeted by intervention strategies. Table 3 for areas of low transmission. These parameters correspond to R 0 = 1.1. The initial condition is S h = 600, E h = 20,
, and I v = 5. The system approaches the endemic equilibrium point (7).
Description of sensitivity analysis
Sensitivity indices allow us to measure the relative change in a state variable when a parameter changes. The normalized forward sensitivity index of a variable to a parameter is the ratio of the relative change in the variable to the relative change in the parameter. When the variable is a differentiable function of the parameter, the sensitivity index may be alternatively defined using partial derivatives.
Definition. The normalized forward sensitivity index of a variable, u, that depends differentiably on a parameter, p, is defined as: Table 3 for areas of high transmission. These parameters correspond to R 0 = 4.4. The initial condition is S h = 500, E h = 10, I h = 30, R h = 0, S v = 4000, E v = 100, and I v = 50. The system approaches the endemic equilibrium point (8).
We show a detailed example of evaluating these sensitivity indices in Appendix B.1.
Sensitivity indices of R 0
As we have an explicit formula for R 0 (5), we derive an analytical expression for the sensitivity of R 0 , Υ R 0 p = ∂R 0 /∂p × p/R 0 , to each of the seventeen different parameters described in Table 2 . For example, the sensitivity index of R 0 with respect to β hv ,
does not depend on any parameter values. Two important indices that also have an obvious structure are: However, most of the expressions for the sensitivity indices are complex with little obvious structure. We, therefore, evaluate the sensitivity indices at the baseline parameter values given in Table 3 . The resulting sensitivity indices of R 0 to the seventeen different parameters in the model for areas of high and low transmission are shown in Table 4 . We replace σ v and σ h by the parameters,
The parameter ζ is an intrinsic measure of the number of mosquito bites on humans. By definition, it is the number of mosquito bites on humans, per human, per mosquito, at the disease-free equilibrium population sizes, per unit time. We can measure the sensitivity of R 0 with respect to ζ , keeping θ fixed, that is, allowing both σ v and σ h to vary while keeping the ratio between them fixed. We find
In both cases of high and low transmission, the most sensitive parameter is the mosquito biting rate, σ v . Other important parameters include the probability of disease transmission from infectious mosquitoes to susceptible humans, β hv , the mosquito birth rate, ψ v , and the human to mosquito disease transmission probability, β vh . Since Υ R 0 σv = +0.76 in areas of low transmission, decreasing (or increasing) σ v by 10% decreases (or increases) R 0 by 7.6%. Similarly, in either high or low transmission, as Υ R 0 β hv = +0.5, increasing (or decreasing) β hv by 10% increases (or decreases) R 0 by 5%.
We see from (10) that both, Υ R 0 σv and Υ R 0 σ h depend on the human and mosquito demographic parameters. Changing the equilibrium population size of either humans or mosquitoes would affect the sensitivity indices for the human and mosquito biting rates. Thus, to estimate the importance of the human or mosquito biting rates, we would need good knowledge of the population demographic parameters. However, Υ R 0 ζ does not depend on the equilibrium population sizes and provides a good estimate of the impact of the mosquito-human biting rates. When ζ is considered as a parameter (with θ constant), Υ R 0 ζ is the largest sensitivity index. Thus, reducing the number of contacts between humans and mosquitoes, through a reduction in either or both, the frequency of mosquito blood meals, and the number of bites that a human will tolerate would have the largest effect on disease transmission.
1
For almost all parameters, the sign of the sensitivity indices of R 0 (i.e., whether R 0 increases or decreases when a parameter increases) agrees with an intuitive expectation. The only possible exception is the mosquito birth rate, ψ v . For both, high and low transmission, the reproductive number decreases substantially as the mosquito birth rate increases. We would expect R 0 to increase because increasing ψ v increases the number of mosquitoes. Our explanation for this counterintuitive result is as follows. The mosquito death rate is assumed to be density dependent. As the birth rate increases and the number of mosquitoes increases, the death rate also increases because the environment can only support a certain number of mosquitoes (given food restrictions and so on). Therefore, the average lifespan of the mosquito also decreases. Mathematically, at equilibrium population size, the per capita birth rate, ψ v , is equal to the per capita death rate, μ 1v + μ 2v N * v . Thus, at equilibrium, ψ v is also the per capita death rate, and with an exponential distribution for the death rate, 1/ψ v is the expected lifespan of the mosquitoes. As the latent period of Plasmodium in mosquitoes is about the same as the lifespan of the mosquitoes, shortening the lifespan of the mosquito reduces the reproductive number because more infected mosquitoes die before they become infectious.
In summary, we see that any changes in ψ v have two opposite effects. On the one hand, increasing ψ v increases the number of mosquitoes which tends to increase R 0 . On the other hand, increasing ψ v also decreases the mosquito lifespan which tends to reduce R 0 . The values of the other parameters help determine which of these two effects is stronger. In both lists of baseline parameters that we use, the effect of the reduction of the mosquito lifespan is stronger and R 0 decreases for an increase in ψ v .
Also, as the equilibrium mosquito population size changes, the total number of mosquito bites on humans changes. Whether this change increases or decreases R 0 depends on the values of the mosquito and human equilibrium population sizes, and σ v and σ h .
We should expect, however, that for other parameter values, it is possible for R 0 to increase when ψ v increases. For one such example, we evaluate the sensitivity indices for R 0 with parameter values exactly as in Table 3 Note that in models where the mosquito death rate is assumed to be constant, any decrease in the emergence of mosquitoes would tend to reduce R 0 .
Sensitivity indices of x ee
Since we do not have an explicit expression for the endemic equilibrium, x ee , we cannot derive analytical expressions for the sensitivity indices. However, we numerically calculate the sensitivity indices at the parameter values given in Table 3 as shown in Appendix B. In a similar manner, we also calculate the sensitivity indices of x ee with respect to ζ (11) while keeping θ constant. We show the resulting sensitivity indices of the state variables at the endemic equilibrium point, x ee , to the parameters for areas of low and high transmission in Tables 5 and 6 , respectively. All sensitivity indices, except for some for N v , are shown to two significant figures because that was the accuracy of the parameters. The sensitivity indices for N v can be calculated analytically as we have an explicit expression for the equilibrium value of the number of mosquitoes. We show an example in Appendix B.1.
In interpreting the sensitivity indices, we first note that keeping all other factors fixed, increasing disease prevalence will lead to a decrease in the equilibrium human population size. This is because of disease-induced death in infectious humans. Similarly, reducing the disease prevalence will lead to an increase in the equilibrium human population size.
In areas of low transmission, the order of the relative sensitivity of the different parameters for the equilibrium value of i h is largely similar to that for R 0 . As the reproductive number is based on a linearization around the disease-free equilibrium, x dfe , and the endemic equilibrium in areas of low transmission is close to x dfe (because R 0 is close to 1), the sensitivity indices are similar to those for R 0 . The most sensitive parameter is the mosquito biting rate, σ v , followed by the mosquito to human disease transmission probability, β hv , and the human recovery rate, γ h . Other important parameters include the mosquito birth rate, ψ v , the human to mosquito disease transmission probability, β vh , and the mosquito rate of progression from the latent state, ν v . Similar to the case for R 0 , the magnitude of the sensitivity index of x ee to ζ , Υ xee ζ , is larger than that for all other parameters. Thus, reducing the mosquito-human contacts would have a large effect on disease prevalence at low transmission. Reducing ζ by 1% would approximately reduce i h by 7.6%.
The sign of the sensitivity indices of the endemic equilibrium with respect to most of the parameters, for areas of low transmission, agrees with an intuitive expectation. The results that perhaps require some explanation are those for the mosquito birth rate, ψ v , and the rate of loss of immunity, ρ h . As explained in the section on the reproductive number, increasing the mosquito birth rate, given a density-dependent mosquito death rate, shortens the lifespan of the mosquito and results in a net decrease in the equilibrium proportion of infectious humans, i h . Increasing ψ v also affects the total number of mosquito bites on humans, which could further reduce i h . As ρ h increases, r h decreases, which would tend to reduce disease prevalence. However, as a substantial fraction of people are in the recovered class, reducing the number of recovered people results in a redistribution of the population that increases the proportion of people in the exposed and infectious classes.
In areas of high transmission, the sensitivity of the endemic equilibrium to the parameters is different from the sensitivity of R 0 to the parameters. Since R 0 is large, the endemic equilibrium is far from the disease-free equilibrium. The magnitude of the sensitivity indices for the endemic equilibrium in high transmission is also much lower than in low transmission, because as R 0 increases, disease prevalence moves closer to 100% and even for large changes in the parameter values, there are only small changes in the endemic equilibrium.
The most sensitive parameter for i h is γ h followed by ρ h . As the infectious and recovered periods are long and about 94% of the people are in the diseased classes, any changes in the recovery rate or rate of loss of immunity will have a relatively large effect on the fraction of infectious humans. The rate of loss of immunity has a large effect on i h because as 77% of the people are in the recovered class, any increase will remove a large number of people from the recovered class. Since infection rates are high, most of these people will be absorbed into the other classes, especially the infectious class. (This effect is similar to and more pronounced than that seen in areas of low transmission. In areas of high transmission, the increase in i h is also strong enough to increase disease prevalence in mosquitoes.)
Increases in the human demographic parameters, ψ h , Λ h , μ 1h , and μ 2h , change the equilibrium human population size which in turn changes the total number of mosquito bites on humans, resulting in substantial changes in i h . Increasing the death rates, μ 1h and μ 2h , decreases the human population, which leads to an increase in the number of mosquito bites per human, which increases i h . Similarly, increasing Λ h and ψ h increases the equilibrium human population which would tend to decrease i h . However, as the incoming population is in the susceptible class and the inoculation rate is high, most of these people will get infected and move through the exposed and infectious classes to the recovered class. The net result of increasing the number of humans entering the population is the reduction of the fraction of recovered humans and an increase in the proportion of humans in the other classes. Increasing i h also increases disease prevalence in mosquitoes. This effect is stronger than the decrease in mosquito disease prevalence due to a reduction in r h and an increase in N h .
Other important parameters for i h in high transmission, are the mosquito biting rate, σ v , followed by the mosquito to human disease transmission probability, β hv , the rate of progression from the exposed state for mosquitoes, ν v , and the density-dependent mosquito death rate, μ 2v . These are also most important parameters for R 0 and for the endemic equilibrium in areas of low transmission. Again, when ζ is considered as a parameter, it has a large effect on the equilibrium value of i h .
For both sets of parameter values, we find that Υ xee ζ
, although we cannot prove this relationship in general.
Discussion and conclusion
We analyzed a malaria model (Chitnis et al., 2006) by evaluating the sensitivity indices of the reproductive number, R 0 , and the endemic equilibrium, x ee , to model parameters. We did this for two sets of baseline values: one representing areas of high transmission and one representing areas of low transmission. Since R 0 is a measure of initial disease transmission, and x ee represents disease prevalence, these sensitivity indices allow us to determine the relative importance of different parameters in malaria transmission and prevalence.
In areas of low transmission, the most important parameter for initial disease transmission is the mosquito biting rate, σ v . Other important parameters are the mosquito-tohuman disease transmission probability, β hv , the mosquito birth rate, ψ v , the human-tomosquito disease transmission probability, β vh , and the human rate of recovery, γ h . These five parameters are also the most important parameters for equilibrium disease prevalence, although γ h is in this case more important than ψ v and β vh . If we consider ζ as a parameter (with θ fixed), it would be the most important parameter for both initial disease transmission and equilibrium disease prevalence.
In areas of high transmission, the most important parameter for initial disease transmission is the mosquito biting rate, σ v . Other important parameters are the mosquitoto-human disease transmission probability, β hv , the mosquito birth rate, ψ v , the humanto-mosquito disease transmission probability, β vh , the density-dependent mosquito death rate, μ 2v , and the human rate of recovery, γ h . The most important parameter for equilibrium disease prevalence is the human rate of recovery, γ h . Other important parameters are the human rate of loss of immunity, ρ h , the mosquito biting rate, σ v , the human densitydependent death and emigration rate, μ 2h , and the mosquito-to-human disease transmission probability, β hv . If we consider ζ as a parameter, it is the most important parameter in initial disease transmission and the third most important parameter in equilibrium disease prevalence.
Although intervention strategies cannot target σ v directly, they can target ζ through lowering mosquito-human contacts. According to our model, for the set of parameters representing areas of low transmission, strategies that affect ζ would be the most effective at reducing initial malaria transmission and equilibrium disease prevalence. Strategies that reduce mosquito-human contacts, such as the use of insecticide-treated bed nets (ITN's) and indoor residual spraying (IRS) have been shown to be effective in field studies Sharma et al., 2005) . These strategies would also be the most effective in reducing initial transmission in areas of high transmission.
Our analysis also shows that intervention strategies that affect the human recovery rate, γ h , would be the most effective in reducing equilibrium disease prevalence for the set of parameters representing areas of high transmission. The parameter γ h can be reduced through prompt and effective case management (PECM) which emphasizes quick and accurate diagnosis and consequent treatment of malaria. Our model shows these strategies to also be effective in reducing equilibrium disease prevalence in areas of low transmission and initial disease transmission in both low and high transmission areas.
The second most important parameter for initial disease transmission and equilibrium disease prevalence in areas of low transmission and initial disease transmission in areas of high transmission is the probability of disease transmission from infectious mosquitoes to susceptible humans, β hv . This parameter can be reduced through strategies such as intermittent preventive treatment (IPT) which has been shown to be effective in Tanzania (Massaga et al., 2003; Schellenberg et al., 2001) .
The second most important parameter for equilibrium disease prevalence in areas of high transmission is the human rate of loss of immunity, ρ h . This parameter cannot easily be targeted by current intervention strategies and represents a simplification of our model. The rate of loss of immunity is not well understood (Anderson and May, 1991) and is generally thought of as dependent on the prevailing incidence rate. However, where the incidence rate is constant over time (as it is in our model at equilibrium), the rate of loss of immunity may be assumed to be constant and we use reasonable estimates of this constant rate in high and low transmission. However, ρ h , representing a nonlinear process, remains difficult to directly control through an intervention strategy.
The mosquito birth rate, ψ v , has a substantial effect on initial disease transmission in both high and low transmission areas and on equilibrium disease prevalence in low transmission areas. However, for the parameter values used in the model, this effect is detrimental and contrary to common practice, such as the destruction of breeding sites. This detrimental effect depends on the assumption that the mosquito death rate is densitydependent, as decreasing the birth rate then leads to a longer life span for each mosquito.
Another important parameter in initial disease transmission in high and low transmission areas and equilibrium disease prevalence in low transmission areas is the probability of disease transmission from infectious humans to susceptible mosquitoes, β vh . This parameter can be reduced through current intervention strategies such as the use of gametocytocidal drugs, or possible future strategies, such as the use of a transmission-blocking vaccine or the release of transgenetically modified mosquitoes.
The particular values of the sensitivity indices of the endemic equilibrium point, x ee , and the reproductive number, R 0 , to the different parameters depend on the parameter values that we have chosen, and on the assumptions upon which this model is based. To effectively guide public policy and public health decision making, the model and parameter values would need to be tested against data from malaria-endemic field sites. The current analysis, however, remains an important first step toward comparing the effectiveness of different control strategies.
To compare control strategies with more certainty, there are numerous additions that we would like to make to our model. We want to include the effects of the incidence rate on the period of immunity, and age and spatial structure, both of which are important in the spread of malaria. We would also like to improve our entomological submodel by the addition of juvenile mosquito stages. We could then include the effects of seasonality and the environment on the number and life span of mosquitoes, and on the development of the parasite in the mosquito. An increase in ambient temperature, with high relative humidity and rainfall, increases the emergence rate of mosquitoes, lengthens the life span of adult mosquitoes, and reduces the latency period in mosquitoes; resulting in a multifaceted increase in malaria transmission levels. Environmental effects and changes play an important role in malaria transmission (Zhou et al., 2004 ) and need to be taken into account.
Finally, we would like to quantify the relationship between the parameters in our model and the intervention strategies used to control malaria. A quantitative relationship would then allow us to directly relate the cost of each strategy to the reduction in disease burden and allow for the definite comparison of the efficiency and cost-effectiveness of different intervention strategies on reducing malaria morbidity and mortality. Population data for humans: Table A .1 shows the life expectancy and birth rate estimates for the year 2007 for some African countries with areas of high malaria transmission. Using this data, we assume a birth rate of 40 births per year per 1,000 people so ψ h = 40/365.25/1, 000. We also assume an immigration rate of 12 people per year. We set values of μ 1h = 1.6 × 10 −5 and μ 2h = 3.0 × 10 −7 . These correspond to, in the absence of malaria, a life expectancy of 48 years and 4.2% of the population emigrating every year. The stable population size for these parameter values, in the absence of malaria is 523. Table A .2 shows the life expectancy and birth rate estimates for the year 2007 for some Asian and American countries with areas of low malaria transmission. Using this data, we assume a birth rate of 20 births per year per 1,000 people so ψ h = 20/365.25/1, 000. We also assume an immigration rate of 15 people per year. We set values of μ 1h = 8.8 × 10 −6 and μ 2h = 2.0 × 10 −7 . These correspond to, in the absence of malaria, a life expectancy of 70 years and 3.2% of the population emigrating every year. The stable population size for these parameter values, in the absence of malaria is 583.
To determine the range of these parameters, we allow the immigration rate, Λ h , to vary from 1 migrant per year to 100 migrants per year. This is a location specific parameter so it has a large range of values. We allow the birth rate to vary from 10 births per 1,000 people per year to 50 births per 1,000 people per year. We allow μ 1h and μ 2h to vary so that the minimum removal rate corresponds to a life expectancy of 80 years and no emigration, and the maximum removal rate corresponds to a life expectancy of 30 years and 33% annual emigration. The exact values of μ 1h and μ 2h , for a given life expectancy and emigration rate, would depend on the values of the immigration rate and the birth rate.
Population data for mosquitoes:
We use the results for the mosquito birth rate calculated by Briët (2002, Fig. 2) for An. gambiae to give us a rate of 130 new adult female Slooff and Verdrager (1972) 8.5 An. coustani Garrett-Jones and Grab (1964) 5.6 An. funestus Krafsur and Garrett-Jones (1977) 5.89 An. funestus Gillies and Wilkes (1963) 10.2 An. funestus Garrett-Jones and Grab (1964) 11.26 An. gambiae Gillies and Wilkes (1965) 15.4 An. gambiae Garrett-Jones and Shidrawi (1969) 8.0
An. gambiae Garrett-Jones and Grab (1964) 9 An. gambiae Molineaux et al. (1979) 3.6 An. gambiae Zahar (1974) 9 An. minimus Khan and Talibi (1972) 5.8 An. nili Garrett-Jones and Grab (1964) 7.1 An. punctulatus Peters and Standfast (1960) mosquitoes per day per 1,000 female mosquitoes. The stable equilibrium value of the mosquito population, N v , varies depending on the location. For areas of high transmission, we use estimates derived from quarterly data for the average number of An. gambiae and An. funestus mosquitoes in a region of Western Kenya (Asembo) from Gimnig et al. (2003b) .
From this data, we use an estimate of 2 An. gambiae and 0.8 An. funestus mosquitoes per house. We also assume that there are 1.5 people per house (Gimnig et al. (2003a) state that in Asembo there are 17,000 people living in approximately 2,500 family compounds with about 3-5 houses per compound) and there are a total of about 5 times as many mosquitoes as are found in the houses. Given the size of the human population in the model and the mosquito birth rate, we set μ 1v = 0.033 and μ 2v = 2.0 × 10 −5 so that there is a stable equilibrium value of 4,850 mosquitoes.
For areas with low transmission, we use the same mosquito birth rate and mosquito (density independent) death rate, as that for areas of high transmission, but a higher density dependent death rate, μ 2v = 4.0 × 10 −5 , to provide a stable equilibrium value of about 2,425 mosquitoes (half as many as in areas of high transmission). Table A .3 shows different estimates for mosquito life expectancy.
Data for mosquito-human biting rates:
The number of times a mosquito bites a human per day depends on the relative sizes of the mosquito and human populations, the mosquito's gonotrophic cycle (the number of days a mosquito requires to produce eggs before it searches for a blood meal again), the mosquito's anthropophilic rate (the mosquito's innate preference for human blood), and the number of bites that a human will tolerate per day (depending on the human's exposed surface area and any preventive measures the human takes to avoid being bitten). The parameter, σ v , models the mosquito's gonotrophic cycle and its anthropophilic rate. As we do not have data to differentiate between the effects of the anthropophilic rate and the relative sizes of the human and mosquito populations, we assign values to σ v based on only the gonotrophic cycle. From Bloland et al. (2002) , we use estimates of a gonotrophic cycle length of 3 days in areas of low transmission and 2 days in areas of high transmission (with the assumption that areas of high transmission have higher temperatures and humidity).
From Table A .4, which shows estimates from field studies for the average number of bites on humans per mosquito per day, we use an estimate of 0.40 bites on humans per Village with relative lowest mosquito density Nedelman (1984) mosquito per day in areas of high transmission and 0.25 bites on humans per mosquito per day in areas of low transmission, at the disease-free equilibrium population sizes. Based on these estimates and the values of σ v , N * v , and N * h , we calculate σ h to be 19 in areas of high transmission and 4.3 in areas of low transmission. These values are reasonable given the assumption that in areas of low transmission people suffer from fewer mosquito bites. : Table A .5 shows the probability of transmission of infection from an infectious mosquito to a susceptible human given that a contact between the two occurs. We use an estimate of β hv = 0.022 for both, areas of high and low transmission.
Data for β hv
Data for β vh andβ vh : Table A.6 shows the probability of transmission of infection from infectious humans to susceptible mosquitoes given that a contact between the two occurs. We use an estimate of β vh = 0.48 for areas of high transmission and β vh = 0.24 for areas of low transmission. We assume that the probability of transmission from recovered humans to susceptible mosquitoes is one tenth the probability of transmission from infectious humans (Ngwa and Shu, 2000) , soβ vh = 0.048 for areas of high transmission and β vh = 0.024 for areas of low transmission.
Data for ν h : We assume a latent period in humans of 10 days, for both baseline cases, from the data shown in Table A .7.
Data for ν v :
We assume the latent period in mosquitoes to be 11 days in areas of high transmission and 12 days in areas of low transmission. Table A.8 shows some estimates for the latent period in mosquitoes. Data for γ h : We use an estimated recovery period of 9.5 months in both areas of high and low transmission. Table A .9 shows some estimates of the duration of the infectious period in humans.
Data for δ h : The value of the disease-induced death rate varies across different regions, depending on the availability and quality of treatment facilities. Arudo et al. (2003) give the malaria mortality rate for all children under 5 years old in Asembo (a region in western Kenya) as 32.9 deaths per year per 1,000 children. Although the data in Arudo et al. (2003) is sampled only from children under the age of five (as opposed to the general population) and includes all children (as opposed to only those that are infectious), we use it as an estimate for the per capita disease-induced death rate of infectious humans in the entire population. This assumption is reasonable because in areas of high malaria transmission like Asembo, almost all children are infectious (I h ) and most adults are immune (R h ). For areas of low transmission, we assume improved availability and quality of treatment facilities, so that the per capita disease-induced death rate is a fifth that of Asembo. We assume that the range of δ h can vary from no disease-induced deaths to 150 deaths per year per 1,000 infectious humans.
Data for ρ h : Immunity to malaria in humans is a complicated mechanism that is not completely understood. While it is generally believed that immunity is short-lived and requires repeated reinfection to sustain itself (Aron, 1988; Dietz et al., 1974) , in an epidemic in Madagascar, after two malaria-free decades, older adults still had some protection to malaria when compared to younger adults with no previous malaria exposure (Deloron and Chougnet, 1992) . The model (1) is based on the assumption that infected humans eventually lose their immunity to malaria and return to the susceptible class. This rate of loss of immunity is a nonlinear process that depends on the transmission rate. However, for ease of analysis, we make the simplifying assumption that immunity is lost at a constant rate. We allow the rate to be higher in areas of low transmission so that humans with less exposure are immune for shorter periods of time. The assumption of a constant rate of loss of immunity is reasonable if the level of malaria does not change significantly over time in the modeled area. For areas of high transmission, we assume that the period of immunity lasts for 5 years, while in areas of low transmission, we assume that the period lasts for 1 year. We also assume that the range can vary from 3 months to 50 years.
Appendix B: Calculation of sensitivity indices
In this Appendix, we describe the methods used to determine the sensitivity indices of the endemic equilibrium to the parameters. To calculate the indices, we first need to evaluate the partial derivatives of the state variables at the endemic equilibrium with respect to the parameters.
For ease of notation, we label the seven state variables at the endemic equilibrium point (e h , i h , . . . , N v We want to evaluate ∂x i /∂p j for 1 ≤ i ≤ 7 and 1 ≤ j ≤ 17 for both sets of parameter values in Table 3 (with the corresponding endemic equilibrium points given by (7) and (8)).
Taking full derivatives of the seven equilibrium equations (B.1) with respect to the seventeen parameters, p j , gives us 119 equations of the form, dg k dp j = These equations are decoupled in terms of the parameters, p j , but are coupled in terms of the function, g k . Equations (B.3) are thus seventeen linear systems of seven coupled equations. They may be written as
where A is the (7 × 7) Jacobian of the malaria model (2) with A ki = ∂g k /∂x i ; z (j ) is the unknown (7 × 1) vector with the i th term of z (j ) given by ∂x i /∂p j ; and b (j ) is a (7 × 1) vector with the k th term given by −∂g k /∂p j . The matrix A is known because we can evaluate the Jacobian of (2) for the given parameter values and the corresponding endemic equilibrium point. Similarly, we can directly evaluate b (j ) by calculating the derivative, −∂g k /∂p j , at the given parameter values.
Solving these seventeen linear systems of (B.4) for z (j ) gives us what we want: ∂x i /∂p j for 1 ≤ i ≤ 7 and 1 ≤ j ≤ 17. Finally, we multiply ∂x i /∂p j by p j /x i , as in the definition of the sensitivity index (9), to find the sensitivity of each state variable in the endemic equilibrium point, x i , to the parameter, p j .
B.1 Sensitivity analysis of the equilibrium mosquito population
As we have an explicit expression for the equilibrium value of N v , we can analytically evaluate the sensitivity of N v to the parameters. At equilibrium,
As N v depends on only three parameters, the sensitivity indices of N v to all other parameters is 0. For example, the sensitivity index for N v to ψ v is
For the baseline parameter values given in Table 3 , for areas of high and low transmission, Υ Nv ψv = +1.3.
